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Abstract—The paper considers the subset of the Schur stability domain, namely, the set of
parameters for which the roots of polynomials of degree n lie in the complex unit disc and
are real numbers. The method for computation of the hypersurface area of this defined set in
n-dimensional space is obtained. The maximum surface area of this set is reached for n = 3,
i.e., 3-dimensional set has maximum surface area.
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1. INTRODUCTION

A significant part of recent research was devoted to the study of Schur stability domain and its
boundary [1]. Though the question of determining the size of this domain’s boundary, i.e. domain’s
hypersurface area, is still open.

We study polinomials of the form

" — oz = —ap1x — o, =0, (1)
with parameters a; € R, 1 =1,...,n.
Each polinomial corresponds to a single point (a1, ..., ;) in n-dimensional Euclidean space R".

Schur stability domain is defined as a set in R", for which roots of corresponding polinomials
lie in unit disc on the complex plane. We denote this set as D,,, as in [2]. That paper provides
formula for computation of the volume V' (D,,).

We denote as &,, as in [3], the subset of D,, where roots of polinomials are real numbers with
zero imaginary part. That paper provides formula for computation of the volume V(&) with a
multiple integral, that is related to the Selberg type integral.

Volumes of stability domains [2, 3]

V(&) | V(Dn\En)

| VD)) | VED) (VIO | 555 | T
“1” “27 “3” “4” “5” “6”

1 2 2 0 1 0

2 4 1.333 2.667 | 0.3333 | 0.6667
3 | 5333 | 0.35 4978 | 0.0667 | 0.9333
4| 7111 | o0.041 7.070 | 0.0057 | 0.9943
5 | 758 | 0.002 7583 | 0.0003 | 0.9997
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114 KUKOVEROV

Volumes V(D,,) and V' (&,,) reach maximum with n = 6 and n = 1 respectively and are infinites-
imal as n — oo.!

The boundary 9D,, of domain D, is the union of two hyperplanes and one hypersurface [1, 4].
The hyperplanes correspond to roots —1 and 1.

The boundary 9&,, of domain &, consists of two hyperplanes, that correspond to hyperplanes
of dD,,, and one hypersurface inside of D,,.

This paper presents results of computation of hypersurface area S(9E,) of the boundary 9&,, of
the domain &,.

2. COMPUTATION OF S(8&,)

Consider polinom of degree 2:

$2 — T — Qg = 0. (2)
Domain D5 is the set of parameters:

—2<a1 <2

—1<ay<1l—|ol

Domain & is the set of parameters:

—2<a; <2
—a%/4 <ag<1—|a.

From econometric point of view the picture shows stationarity domains of parameters that

correspond to stationary autoregressive processes of the second order, while the outer boundary
corresponds to unit root processes and the outer region corresponds to explosive processes.

PIECD PI®

Fig. 1. Domains D5 and &;. Source: [5].

! Though comparing values of not equal dimensions, such as length, area, volume, etc. may seem strange enough,
sometimes it may also be curious. For instance, see study of these issues for hyperball and hypersphere:
https://mathworld.wolfram.com/Hypersphere.html
https://mathworld.wolfram.com/Ball.html
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TOWARDS COMPUTATION OF SURFACE AREA 115

The boundary 0&; consists of parabola section Surfs and two line segments Plél) and Plg_l),

)

that correspond to roots 1 and —1. I.e. polinom (2) with parameters from Plé1 has root, equal

(=1)

to 1, and polinom (2) with parameters from Pl has root, equal to —1.

The boundary length S(9&;) can be computed as a sum of lengths:
S(0&) = S(PUY) + S(PITY) + S(Surfs) ~ 2v/2 + 2v/2 + 4.591 ~ 10.248.

3. COMPUTATION OF S(9&;)
Consider polinom of degree 3:
23— a2 — asr — as = 0. (3)
According to [6], domain D3 is a set of parameters:

—1l<az<l1
—3<a; <3

as < 1—|ag + as]
Q9 >—1+a§—a1a3.

Domain &3 is a set of parameters:

—-1l<az<l1

—3<a; <3

ag < 1—|ag + asl

a2ad + 4a3 — 4adas — 2703 — 18ajaza3 > 0.

The boundary 0&3 consists of the surface Surfs and two plane sections Plél) and Pl:(,,_l), that

correspond to roots 1 and —1. Le. polinom (3) with parameters from section Pl:())l) has a root,

(=1)

equal to 1, and polinom (3) with parameters from section Pl has a root, equal to —1. These

surfaces can be parameterized applying Vieta’s formulas.

Parametric form of Pl:(,)l):

o =14+22+ T3
Qg = —T2 — XT3 — T2x3
Q3 = T273,

where roots of polinomial (3) x; =1, z9 € [—1,1], x3 € [~1, z2].

Parametric form of Pl:(,’_l):

ap = —14+ 29+ z3

Qg = X9 + T3 — T2x3

Q3 = —T2T3,
where roots of polinomial (3) 1 = —1, x9 € [-1,1], z3 € [—1, z2].
Parametric form of Sur fs:
a1 = 2t + I3
g = —t2 — 2t.7)3 (4)
a3 = t2$3,

where roots of polinomial (3) 1 =z =1, t € [-1,1], x3 € [-1,1].
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116 KUKOVEROV

The boundary area S(0€3) can be computed as a sum of surface areas:

B 4 4
S(9€3) = S(PIY) + S(PIS™Y) + S(Surfs) ~ V3 x SHVEX 46T (5)

4. COMPUTATION OF S(9¢,,)

Consider polinom of degree n in the form (1).

The boundary 9&, of domain &, consists of hypersurface Surf, and two hyperplanes sections
Plg) and Plﬁl_l), that correspond to roots 1 and —1, i.e., polinom (1) with parameters from section
Pl%l) has a root, equal to 1, and polinom (1) with parameters from section Plgfl)
to —1.

Statements about hypersurface areas of hyperplanes sections Plg) and Plgfl) as well as of
hypersurface Surf, we formulate as propositions.

has a root, equal

Proposition 1. Hypersurface area of hyperplanes sections Plgll) and Plgfl), n = 2, can be com-
puted as

nnl — 2
( )H{ 1)'}. (©)

S(PIM) = s5(Piy = Tl

Proposition 2. Hypersurface area of hypersurface Surf,, n > 3, can be computed as

S(Surf,) =2 / / S L—ai" H |z; — x| doq ... day—q. (7)

c1e(— 1 — .7)1 1<i<j<n—1

—1<z2<.. Swn 1<1

In particular, for n = 3

S(Surfs) =2 // |x1 — x9| dz1dxy =~ 6.759.
—1<x1<1
—1<z2<1
The boundary area S(9&,) can be computed as a sum of hypersurface areas:

S(0&,) = S(PIM) + S(PICY) 4+ S(Surf,). (8)

Next proposition presents the main result of the paper.

Proposition 3. Hypersurface area S(0E,) is infinitesimal with n — oo. The mazimum value is
reached for n = 3.

5. CONCLUSION

The paper presents the results of computation of hypersurface area S(9&,,) of the boundary of
the domain &, in n-dimensional space, that is a subset of Schur stability domain D,,.

As a topic for further research we suggest the computation of hypersurface area S(0D,,) of the
boundary of the domain D,,. As already mentioned, boundary 0D, consists of two hyperplanes
sections Plgll) and Plﬁfl), that correspond to roots 1 and —1, and one hypersurface, that is denoted
as G,,. Computation of hypersurface area S(S,,) for arbitrary n seems to be a more difficult task,

comparing with the result (7) in Proposition 2.
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TOWARDS COMPUTATION OF SURFACE AREA 117

APPENDIX

A.1. PROOF OF PROPOSITION 1

With standard methods one can check, that (6) holds for n = 2,3. On the basis of (6) one can
obtain

S(PiY) = 2v/2,
4

sP1iM)y = v3 3

that agrees with the values, computed in Sections 2 and 3.
Now we will prove (6) for arbitrary n.
(1)

The hyperplane section Ply,’ can be parameterized:

ar=14+@
—(¢1 + ()
az = G2+ (3
o = (1) Gt + ) (A1)

Qp—2 = (_1)71—3(@1_3 + Cn—2)

Qp—1 = ( 1)n_2(Cn 2+ Cn—l)

Qp, :( )n 1Cn 15

where (;, i=1,...,n—1 — elementary symmetric polinomial of degree i of (n — 1) variables
T, ..., Ty, —1 <ax9< ... <2y < 1.

Parametric form (A.1) is derived using Vieta’s formulas and taking x1 = 1. Ordering of param-
eters xo, ..., x, is caused by the fact, that parametric form (A.1) is symmetric with respect to the
parameters permutations.

By definition

S(P1LM) / / HH |dzs ... dz,, (A.2)
where H,, — determinant:
i da dan Oy
n Oxy Oxs o0xy,
j, o2 Oaz - Oaz
Hy=|? 920 03 Dy |, (A.3)
i dom Oan - Oan
Jn E)xg 8%3 E)xn
where {j1,...,jn} — orthonormal basis in R".
For (; from (A.1) we have
G
0 - = Ci(i)p
Ly
where ¢ j(-r)— elementary symmetric polinomial of degree j of n—2 variables zo, ..., 21, Zri1,. .., Tn.
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118 KUKOVEROV

Without loss of generality let n = 2k + 1. Then on the basis of (A.3) and (A.1) one can obtain

i 1 1 1
o -1-¢? 1= g
: (2) (2) (3) (3) n) (n)
+ + +
H, = ]:‘3 C1 ' CQ C1 ' CQ ' Cl ' CQ (A.4)
iy —CPy—¢®, B _® M) )
i @, @,

Consider Hfln) — cofactor of j, in expansion of H, along the first column:

R R
Hr(zn) — C£2) + C§2) Cf?’) + Cé?’) L. C%”) 4 C2n)
2 ' 2 3 ' 3 n : n

_C7(1_)3 - Cr(L_)Q —CT(L_):; - C(—)Q _C(—)s - 7(1—)2

)

With standard transformations of rows H7(~Ln can be transformed to the form

07 "

n 2 3 n
I L L
'2 :3 ; :n
G2y Gl G

n n
While considering hyperplane section Plgll) with > a; =1 1in (A.1), we have ) ggj = 0 for all
i=1 1=1

j=2,...,n.

Thus, all cofactors in expansion of H,, along the first column are equal in absolute values, hence
it is sufficient to evaluate one of them, for instance Hﬁn).

Then on the basis of (A.2) and [3] one can derive

S(PIWMY = /n // \H ) |das ... dzy = /1 V(En—_1), (A.5)
—1<z9<...<en<l

where V(&,-1) — volume of domain &,_1.

To complete the proof for Pl%l) it remains to take into account the result from [3], that

The proof for Pl%_l) is obtained in the same way.
The proof of Proposition 1 is finished.
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TOWARDS COMPUTATION OF SURFACE AREA 119

A.2. PROOF OF PROPOSITION 2

We will prove the proposition by induction.

Let n = 3. Surface Surfs is parameterized in (4). One can calculate its area S(Surf3) in the
following way:

st =[] () s (Gees) s () s

—1<t<1
—1<z3<1
where
8041 8051 8a1 8041
D(ai,a0) | 8t Oaxs N D(ai,a3) | 0t Oz N
Dz |00y day| =27 D) T oy dag| =T
ot 8.7)3 ot 6903
60&2 80&2
D(az,a3) | 9t Oz )
Dlt.ay)  |Oag dag =27 7)
ot  Oxg

“ ”

The sign “~” means being equal in absolute values. Its usage is convenient and valid, because
corresponding values will be squared at the right moment.

Thus,
s(surfs) = [[ 1Al dtdas, (A.6)
—1<t<1
—1<z3<1
where

| As|| = 2v/1+ 2 + 4 |t — 3. (A7)

The induction base is (A.6) for S(Surf3).
Now consider hypersurface Sur f,, for arbitrary n, that is parameterized as:

a1 = 2t+0’1
ag = —(t2 + 2toy + 09)
a3 = t201 + 2tog + 03

ap = (=1)F 120y o + 2top_1 + o) (A.8)

(=) 3(t20,_4 + 2top_3 4+ 0p_2)
( 1)n_2(t20'n_3 + 2t0n_2)
n = (_1)71 1t20n—27

=

where o0;, i =1,...,n — 2, — elementary symmetric polinomial of degree i of (n — 2) variables
X3y... Ty, t€[-1,1], —1<23< ... <xp < 1.

Parametric form (A.8) is derived on the basis of Vieta’s formulas after equating =1 = z9 = ¢.
Ordering of parameters xs, ..., x, is caused by the fact, that parametric form (A.8) is symmetric
with respect to the parameters permutations.
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120 KUKOVEROV

The induction assumption is that the proposition is true for hypersurface area S(Surf,). Le.
we assume, that

S(Surf) = // | Anldt des . .. dz,, (A.9)

te[—1,1]
—1<z3<...<on<l

where

HAnH :2\/1+t2+...+t2(n_1) ( H ‘t—$i|> ( H |xi—xj\) . (AlO)

3<i<n 3<i<j<n
One can note, that formulas (A.9) and (7) are equivalent, but for current purposes (A.9) is more
convenient.
Now on the basis of (A.10) we will prove the proposition for hypersurface area S(Sur f,+1).
Let y = 2,+1. Then hypersurface Sur f,+1 is parameterized in the following way:

ap =2t+o01+y

ay = —(t* + 2t(01 +y) + 02 + yo1)

az = t*(o1 + y) + 2t(o2 + yo1) + 03 + Yoo

ay = —(t*(02 + yo1) + 2t(03 + yo2) + 04 + yo3)

k=142 (A.11)
ap = (—1)" " (t*(op—2 + yor—3) + 2t(0k—1 + Yor—2) + o + Yor_1)

-1 = (—=1)""2(t*(0p—3 + yon—a) + 2t(0p—2 + Yon_3) + yon_2)
an = (1)L (t3(0p_2 + yonu_3) + 2tyo,_2)

i1 = (=1)"y0, s,

where 0, i =1,...,n —2, were defined in (A.8), t€[-1,1], -1<2z3<... <z, <y<1l
Parametric form (A.11) is derived on the basis of Vieta’s formulas after equating x1 = z9 = t.

Ordering of parameters s, ..., x,,y is caused by the fact, that parametric form (A.11) is symmetric
with respect to the parameters permutations.

By definition

S(Surfos1) = // A |t das ... dz, dy, (A.12)

te[—1,1]
—1<z3<.. . <en<y<l

where A, +1 — determinant:

. 60&1 80&1 60&1 80&1
S o om W
. 80@ 8042 E)ag 8042
2% ows T w0y
Apt1 = : : - : S (A.13)

. ooy, day, ooy, Oay,
e 8wy 9z, By

. Oapy1 Oapy Oapt1 Oapq

TS T 0w, Oy

{i1,---,int1} — orthonormal basis in R"T1.
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TOWARDS COMPUTATION OF SURFACE AREA 121
Consider A, 11 as a vector function of y:

n+1
A1 =G(y) = > 35 % 9i(y) = (01(v)s - gnr1(y))- (A.14)
j=1

Taking into account (A.11) one can see, that g;(y), j = 1...n + 1, are polinomials of y of degree
at most n — 1.

We argue, that G(y) =0 fory=tand y =x;, i =3,...,n.
From (A.11) one can see, that for k=1,...,n+1

ap = (—1D)F Nt (09 + yor_3) + 2t(0k_1 + Yok_2) + 0% + yoR_1),

where o; were defined earlier fori =1,...,n—2, 09 =1, 0,, =0 for m < 0 and m > n — 2.
Then
80% _
oy (—1)* N (t*op—s + 2tok—2 + ok_1),
80%

o (—D)*12(t(op_g + yor_3) + op_1 + yor_2),

Oak _ (—1)h1 <t2 <30k—2 +y50k—3> ey <50k—1 +y30k—2) n doy, +y30k_1> ’

o0x, o0x, ox, o0x, ox, ox, o0x,
where r =n—3,...,n.
For 0o holds equality
ox,
0o; r
7, =
where o](-r)f elementary symmetric polinomial of degree j of n—3 variables zs, ..., z,—1,Zp41,...,Zn.
Then
aak — r r r r r r
9. = (—1)F1 (tQ(J,i_)?) + ya,i_)4) + 2t(0,222 + ya,&_)?)) + J,Ez_)l + ya,i_%) . (A.15)
For o; and a,@ holds equality
o; = O'Z(T) + xTal@l. (A.16)

Then on the basis of (A.15) and (A.16) one can see, that Vk = 1,...,n+ 1 holds equality

804 k
ox,

_ 8ak
= (=) (o3 + 2top_o + 0p1) = —.
Yy==xr ay

It means, that for y =z, column 7 is equal to column n + 1 in determinant A,;; (A.13),
r=3,...,n.

Moreover,

Oay,
ot

- oay,
— (_1)k 1(t20k—3 +2top o+ op_1) = .
y=t o
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122 KUKOVEROV

It means, that for y = ¢ column 2 is equal to column n + 1 in determinant A, 1 (A.13).
Thus,

Gy) =K t—y) [] (@—w), (A.17)
3<isn
where K — vector in R"1.
Then
An'f‘l‘y:(] = G(O) = thEg c Ty, (A18)

where A, 11, — determinant A,y in (A.13) with y = 0.

Determinant An+1|y:0 can be expanded along the last row, taking into account, that only the
first and the last elements in that row will remain non-zero. Then

‘ dar,
An—i—l‘y:o - ]n-l—an + An 1
Y ly=0
and
| Antly—oll = /(Ba)? + [Anll2(as - 20)2, (A19)

where [|Ay || was defined in (A.10), By, — cofactor of j,+1 in expansion of A,i1f,_g.
Taking into account (A.11),

B,, ~
2 1 e 1 1
2+ 20, 2t + o' 2+ o™ 2+ 0
2to1 4209 2+ 2t0§3) + Uég) R 2ta§n) + aén) t2 4+ 2toy + 09
2too 4+ 203 t20§3) + 2t0§3) + 0§3) S t20§n) + 2taén) + aén) t201 + 2tos + o5
. . . . . (A.20)
2top 4+ 2053 t207(25 + 2ta£3_)4 +a£l323 e tQUﬁln_)5 + 2t0’§Ln_)4 + Ufln_):g t20_5+2t0n_a+0n_3
Uon_s+20m_s  t20, 426® 0 260 pore™ 20, 44200 540,
2to,,_o tQUSf:; . tQUSL_):5 20, _3+2to,_o
Lemma 1.
B, ~2txs---xp, H [t — ] H |z, — ;] | . (A.21)
3<i<n 3<i<yj<n
The proof of Lemma 1 is presented in the end of the proof of the proposition.
Now using (A.19), (A.10) and (A.21) in Lemma 1, one can derive
| Apsaly—oll = 2ltas - znl | T [t — il I |zl ¢1 F 21+ 2+ ... 4 200-D)
3<i<n 3<i<j<n
and on the basis of (A.18) we have
| Ans1ly—oll
K| = —"— (A.22)
|tz 2]
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TOWARDS COMPUTATION OF SURFACE AREA 123

Bringing back the notation x,+1 = y, on the basis of (A.17) and (A.22) one can obtain

Gl =2 I It—al I |-l | Vit +. e (A.23)

3<i<n+1 3<i<jsn+1

And on the basis of (A.12), (A.14) and (A.23) one can obtain required induction step

S(Sur fni1) (A.24)
=9 // V1+£2 4. 20 H |t — ;] H |z; — x| | dtdxs . . . dzy dep 4.
3<i<n+1 3<i<j<n+l

te[—1,1]
—1<z3<.. . <Tp<Tpt1<l

A.2.1. Proof of Lemma 1

With standard computation methods one can check, that lemma is true for n = 3,4.

2 1 1
B3 ~ |2t +2x3 2t 2t + x3 | ~ 2tws(t — x3),
2xs3  t? 12+ 23

2 1 1 1
B, ~ 2t + 2(x3 + x4) 2t + x4 2t + x5 2t + x3 + x4
Y7 2wy + my) + 2w3my 24 2tay 124 2txg 12+ (w3 + x4) + 2374
2t.7)3.7)4 t2$4 t2.7)3 t2 (.7)3 + $4) + 2t.7)3.7)4

~ 2txgwy(t — x3)(t — x4) (3 — T4).

Now we will prove lemma for arbitrary n.

Meanwhile, one can find compact form of the idea of the proof in “II. Solution by R.J. Walker” [7],
where authors prove similar statement.

First step.
On the basis of (A.16) make substitutions in (A.20) in rows 2,...,n in columns 2,...,n — 1.
Obtain
B,, >~ 2%
1 1 e 1 1
t+ o1 2t + 01 — x3 2t 4+ 01 — xp 2t + o1
toy + o2 t2 4+ 2t(01 — 3) + 02 — wg0D e t2 4 2t(01 — xp) + 02 — o™ 2 + 2toq + o9
tos + o3 t2(01 —x3)+2t(o2 — mgo’f’)) +o3 — wgo'é?’) B t2(01 — )+ 2t(02 7a:n0'§n)) +o3 — wnaén) t201 + 2tos + o3
ton—s+on—_2 t2(0n747w30513_)5)+2t(0n73fwzaf_)él) t2(0'n74733710'5:1_)5)+2t(gn73733n0'51n_)4) 120, 4+ 2ton_3+0n_2
ton 2 t*(on—3 —?630513,)4 t*(on—3 —$n0£1n,)4) t>0n_3 + 2ton_o
From rows j = 2,...,n — 1 subtract the first row, multiplied by the last element of jth row b; .

From row n subtract the first row, multiplied by t?0,_3. Multiply rows j = 2,...,n by —1.
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124 KUKOVEROV
Obtain
B,, >~ 2%
1 1 1 1
t T3 T 0
t2 +toy 2txs + x30§3) 2txy, + xnayl) 0
201 + toy a3 + 2tw30Y + 2300 22, + 2ta,0\" + 200" 0
2005+ ton_y t2a30 0, + 2t$30( )+ 250, 2,0, + 2ta,, 0( Vot a,e™, 0
2004+ ton_s w300, + 2300, + 0ns 2,0+ 2,0, + 0y 0
t20,_5 — to,_o t2x307(l3_)4 tzxnafln_)4 —2to,—9
In row n — 1 in columns j = 2,...,n — 1 apply identity o,,_2 = x3+10(] . Obtain
B, ~ 2x
1 1 1
t T3 Ty 0
2+ to 2tz + w3000 21, + Tpo\” 0
201 + to 223 + 2twzo’?) + 2500 22, + 22,0 + 2o 0
2005+ ton_y 22300 + 230 + 250D, 22,0 + 2tzn0™; + 2,00, 0
2004+ ton_z 22300 + 230, + 250, 22,0, + 20", + 2,00, 0
t20,_5 — to,_o t x307(13_)4 tzxnafln_)4 —2to,—9
Take factor ¢ out of the first column, then take factors x;;1 out of columns j=2,...,n—1
respectively. Obtain
By, >~ 2txg - xp*
t! Ty ! z, ! 1
1 1 1 0
t+ o 2 + o 2 + o\ 0
toy + o3 £2 4 2t0l¥ 4 53 #2 4 2tel™ + o 0
ton_5+ ong 20, + 2750(3) +o®, 26 ote™ 4 M) 0
ton-i+ong 200, + 20, + o, 20 + 20, + o, 0
t0p—3 — Op—2 207(1_)4 207(:1_)4 (—-D)'2to, o
AUTOMATION AND REMOTE CONTROL Vol. 86 No. 2 2025



TOWARDS COMPUTATION OF SURFACE AREA

Second step.

On the basis of (A.16) make substitutions in rows 3,...,n and columns 2, ...

B, ~ 2txs- - xy*

=1 L1

“3
1 1
thoq 2ttoq —wg
tog 4oy #242¢(01 —33)+og w30

1

(3)

n

) 3 ) 3
top 5ton—4 f‘2(‘77L76_I365L_)7)+2t(‘7n—5_13‘7 )

top4ton_3 t2(‘7n75_‘7:3‘77(137)5)+2t(‘7n—4_:"'3‘7(3) )

3
t2(an,4—z3a§1

)
5)

ton 3-0n—2

D ) Fon—a—wgol)

n75)+‘7n*3_m36n74

125

,n — 1. Obtain
m;l 1
1 0
2tto)—an 0
t2+2t(01—zn)+02—znd§n) 0
f,2(on,ﬁ—mnofl”_)7)+2t(on,5—znofln_)s)+an,4—mnai"_)5 0
t2(r7n75—.7:nr7£:i)6)+2t(0n74—znﬂifjs)+dn73—mnd§17?4 0
200, _4—ano™ ) —2to

n—4-%ng, "o n—2

From row 3 subtract row 2, multiplied by 2¢ + o;. From row 4 subtract row 2, multiplied by
t? + 2toy + 09. From rows j = 5,...,n — 1 subtract row 2, multiplied by t20'j_4 +2toj_3+0j_2.
From row n subtract row 2, multiplied by t?c,,_4 — 0,,_2. Multiply rows j = 3,...,n by —1. Obtain

B, ~ 2txg - x,%

t! :L'gl z,t 1
1 1 1 0
t I3 Tn 0
2 + to 2tzs + w30 2z, + oo 0
200 6+ ton_s 12300 + 230 + 33000 20"+ 2o + 2000
205+ ton-a 2030505 + 2w30 05 + w300, - 20,0 + 2wno s + 200y 0
120,14 — ton_3 t2x3cr§25 — Op—29 tzxncr,(ln_)5 — Op—29 2to,—2
In row n in columns j = 2,...,n — 1 apply identity o,_2 = xj+1ag_+31). Obtain
B, >~ 2txs - x %
t! :Ugl z,t 1
1 1 1 0
t T3 Tn 0
2 4 to 2tzs + w30 2z, + oo 0
t20n_6 + to,_5 t2x307(13_)7 + 2751’307(13_)6 + .7)30‘7(13_)5 t2xncr,(ln_)7 + 2751:”07(:1_)6 + :Uncrfln_)5 0
2005+ ton_g 2300 + 230" + 2500, 2anol + 2r,0™ + 20™, 0
3 3
t20p_4 —ton_3 t2x3cr7(1_)5 - l’30‘7(1_)3 t2xn07(1n_)5 - xncrgn_)g 2top—2
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Take factor ¢ out of the first column, then take factors x;4; out of columns j = 2,...,n —1
respectively. Obtain

n
t=2 r3? z;? 1
1 xy ! e z; ! 0
1 1 1 0
3
t+ o 2 + o) 2 + o\ 0
3 3 3 n n n
ton_6+ons 200 +20® 4+ 0@ 2eM Lo 4 s 0
3 3 3 n n n
lop—5+ On—4 t2cr7(1_)6 + 27507(1_)5 + 0224 e t207(1_)6 + 2ta£L_)5 + 07(1_)4 0
2 _(3) 3) 2 _(n) (n) 2
top—4 — Op—3 t°o, s — 0, t°0, s — 0, s (—1)°2top—2
Third step.
On the basis of (A.16) make substitutions in rows 4, ...,n and columns 2,...,n — 1. Obtain
By, ~ 2t2x§ e xi*
-2 Z;2 2,2 1
-1 wg 2yt 0
1 1 1 0
t+oq 2t401 —x3 2t401 —ap 0
tom_6+on_5 t2(an77—:1:3(7513_)8)-%—21,((77175—.7:3:751317)4—(77175—:1:3(7513_)6 f,2(on,7—mna;"_)8)+2t(an,5—mnofln_)7)+an,5—znai"_)(), 0
toy_5+0n_a t2(6n75—:1:3<77(137)7)+2t(<7n75—75305?26)4—(77174—1:365137)5 f,2(on,ﬁ—mna;’:’7)+2t(an,5—mnoif26)+an,4—zﬂ,afl’?5 0
top _4—0n-3 7'2(‘77175_‘””3‘7;326)—(‘771—3_13‘7;324) t2(‘7n75_zﬂggzi)e)_(”nf?)_zﬂgszi)él) 2ton 2

From row 4 subtract row 3, multiplied by 2¢ + o;. From row 5 subtract row 3, multiplied by
t? + 2toy + 09. From rows j = 6,...,n — 1 subtract row 3, multiplied by t20'j_5 +2toj_4 +0j_3.
From row n subtract row 3, multiplied by t?c,,_5 — 0,,_3. Multiply rows j = 4,...,n by —1. Obtain

B, ~ 2t2x§~~~x2*

n

t2 32 x> 1

t1 x3t x; ! 0

1 1 1 0

t T3 Ty 0

t20p_7 4 ton_g t2x30§28 + 2751’30‘7(1327 + l’30‘7(13_)6 e t2xn0-,,(1n_)8 + 2t;vncr7(1n_)7 + xnaén_)ﬁ 0

2006+ tons 22300 + 22300 + 2500 o a0 20 + 2000
2055 — ton_4 t2x307(13_)6 - x3072324 e t21'n07(1n_)6 - :Uncrgn_)él —2top—2
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Take factor ¢ out of the first column, then take factors x;4; out of columns j = 2,...,n —1
respectively. Obtain

B, ~ 2t3$§~~~x3*

n
t=3 r3° e ;3 1
t2 x5 2 z;? 0
t1 x3 z! 0
1 1 1 0
lop—7+ On—6 t2cr7(1328 + 27507(1327 + 023_)6 e tQJT(ln_)S + 2t07(1n_)7 + 07271_)6 0
ton_¢+ 0n_s t207(27 + 2t0§26 + 07(13_)5 s t2a7(ln_)7 + 2ta7(ln_)6 + 07(:1_)5 0
3 3
top—5 — On—a t207(1_)6 - 07(1_)4 e t2cr7(1n_)6 - 07271_)4 (—=1)32toy,_o
The third step is finished.
Now perform steps 4,...,n — 5 in the same way, as step 3.
After finishing step n — 5 obtain
By, ~ 2tV 080 Ok
t—n+5 xgn—i-S L. x—n+5 1
n
t—n+6 x5n+6 L. x—n+6 0
n
tt acgl e z, ! 0
1 1 0
t+o01 2t + agg) e 2t + agn) 0
tor+oy 24200 1680 o 2 gl 4 oY 0
toy + o3 2080 420 468 o 260 4 2t0(M 4 6V 0
tos — oy t2cr§3) - af’) t20§n) - ain) (=) 2to,_o
(n — 4)th step.
On the basis of (A.16) make substitutions in rows (n—3),...,n in columns 2,...,n — 1. Obtain
By, = 2tV 0080 g Ok
t—nts xy "o e zp e 1
t_n+6 x;n+6 . I;n+6 0
t—1 z3 ! e zn 0
1 1 e 1 0
t+ o1 2t + 01 — x3 2t + 01 — Tn 0
tor + oo t2 + 2t(o1 — x3) + 02 — x30§3) cee t2 4+ 2t(o1 — xn) + 02 — xnagn) 0
tog + o3 t*(01 —x3) + 2t(02 — 333053’)) + 03 — :D30'g c t2(o1 — ) + 2t(02 — mnagn)) + 03 — mnaén) 0
tos — o4 t? (o9 — 333(753’)) — (04 — mgaég’)) e t2(oo — mnagn)) — (o4 — mnaém) (=1)"52tg,, o
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From row n — 3 subtract row n — 4, multiplied by 2¢ + o;. From row n — 2 subtract row n — 4,
multiplied by % + 2to1 4+ 2. From row n — 1 subtract row n — 4, multiplied by t?0; + 2tos + o3.

From row n subtract row n — 4, multiplied by t?cy — 4. Multiply rows j = n —3,...,n by —1.
Obtain
By, ~ 2tV 00 Ok
f—n+5 $5n+5 o . 1
n
t—n+6 xgn'i'ﬁ . x—n‘i‘ﬁ 0
n
=1 z3 ! z, ! 0
1 1 e 1 0
t T3 e Ty 0
2 + to s + w30\ o 2y + o\ 0
201 +toy t2as + 2x30Y + 2308 o ay + 200\ + 200 0
t209 — tos t2x30§3) — xgaé?’) e tzxna§n) — atnaén) (-1 42to, o
Take factor ¢ out of the first column, then take factors x;4; out of columns j = 2,...,n —1

respectively. Obtain

n—4,_ n—4 n—4
By ~2t" g

t—n+4 x5n+4 . x;n+4 1

t—n+5 $_n+5 x;n+5 0

t=2 x5 2 - 0

tt ;Ugl z,t 0

1 1 1 0

t+ oy 2n+o o 2tolM 0

tor+ oy 2420 4ol 1220l 4 o) 0
toy — o3 t20§3) - 0§3) e t20'§n) - cr:(,,n) (—=1)"*2to,_o

(n — 3)th step.

On the basis of (A.16) make substitutions in rows (n —2),...,n in columns 2,...,n — 1. Obtain
By, ~ 2t" A
t—nt4 $§n+4 . x5”+4
t=nts xy " e x, "o 0
t2 ach z,2 0
1 z3 ! . 0
1 1 1 0
t+ o1 2t + 01 — a3 2401 —xp 0
toy + oo t2+2t(op — x3) + 09 — x30§3) s 24 2t(0) — x) + 09 — xnagn) 0
tog — o3 t2(op — x3) — (03 — 373053)) e oy — ) — (03 — xnaén)) (—-1)"*2to, o
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From row n — 2 subtract row n — 3, multiplied by 2¢ + o;. From row n — 1 subtract row n — 3,
multiplied by t? + 2ty + 02. From row n subtract row n — 3, multiplied by t?c1 — o3. Multiply
rows j =n —2,n— 1,n by —1. Obtain

-4, n—4 —4
By, ~ 28" xy T T

t—n+4 x5n+4 . .,L,;’ﬂ"r4 1
t_n+5 $§n+5 A x_n+5 0
n
t=2 $§2 e z, 2 0
t=1 acgl x x, ! 0
1 1 e 1 0
t T3 e Tn 0
24ty 2wy + 2300 0 2w, + 200" 0
t?0; —toy t2xs — x30§3) R s xnaén) (—1)"32to,_o
Take factor ¢ out of the first column, then take factors x;4; out of columns j = 2,...,n —1
respectively. Obtain
By, o 2473078 g3y
t—n+3 xgn'i'g . x;n-ﬁ-S 1
t—n+4 x5n+4 . x5n+4 0
t=3 xg?’ e z,? 0
t=2 x5 2 2 0
=1 x5! o 0
1 1 1 0
t+or 240 2 + o 0
toy — oy 12 — O'é?’) R aén) (—1)"32to, o
(n — 2)th step.
On the basis of (A.16) make substitutions in rows n — 1,7 in columns 2,...,n — 1. Obtain
By, o~ 26" 3073 g3y
—n+3 xgn—i-?; . p—n+3 1
n
t—n+4 x§n+4 . x—n+4 0
n
t—3 $3_3 e 1,7;3 0
t=2 ach e z;2 0
t=1 mgl e z,; ! 0
1 1 . 1 0
t+ o1 2+ 01 — 23 2+ 01—z, 0
toy — o9 t2 — (09 — $30‘§3)) e 12— (o9 — xnagn)) (—1)"32to,_o
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From row n — 1 subtract row n — 2, multiplied by 2t + o;. From row n subtract row n — 2,

multiplied by t? — g5. Multiply rows j = n — 1,n by —1. Obtain

—-3,.n—3 -3
By, ~ 28" x0T %

t—n+3 x§n+3 . xgn-i-S 1

t—n+4 x5n+4 . x—n+4

n
t=3 xg?’ R 0
=2 x§2 R 0
t1 xgl st 0
1 . 1 0
t T3 e T 0
2 — toy —x30§3) . —xnUYL) (—1)"22t0, o
Take factor ¢ out of the first column, then take factors x;4; out of columns j = 2,...,n —1

respectively. Obtain

By, ~ 26" 2 2

g2 g2 22 1
t—n+3 xgn'i'g x—n—i—S 0
n
t=4 x§4 x, 0
t=3 xg?’ x;3 0
=2 x§2 z,2 0
t1 ;Ugl z,t 0
1 1 1 0
t— oy —O’§3) e —ogn) (—1)"22to, o
(n — 1)th step.
On the basis of (A.16) make substitutions in the last row in columns 2,...,n — 1. Obtain

B, ~ Qt"_zacg_Q co a2

t—nt2 x5n+2 s g2 1
s gt oS 0
t=4 zyt z,; 0
t=3 ac§3 z,? 0
=2 x§2 z,2 0
tt acgl z,t 0
1 1 1 0
t—oy x3—01 - xpy—o1 (1) 220, o

AUTOMATION AND REMOTE CONTROL Vol. 86 No.2 2025



TOWARDS COMPUTATION OF SURFACE AREA 131
From row n subtract row n — 1, multiplied by —o;. Obtain

-2 _n—2 -2
By, o~ 28"y T T

2 x§n+2 . x;n+2 1
t—n+3 xgn'i'g x—n—i—S 0
n

t=4 x§4 z, 0

t=3 xg?’ z,? 0

t=2 x§2 x,2 0

tt ;Ugl z,t 0

1 . 1 0

t r3 - oz (—1)"22to, o
Take factor ¢ out of the first column, take factors x ;1 out of columns j = 2,...,n—1 respectively.

Obtain

B,, ~ 2tn_1x§_1 coe

t—n+l xgn-l-l x;n-‘rl 1
t—n—|—2 x§n+2 x—n+2 0
n
t=5 x§5 x,0 0
t=4 x§4 x;4 0
t=3 xg?’ x5 0
=2 x§2 x,2 0
—1 -1 -1
t T ceex, 0
1 1 - 1 (=1)"22to,

Now we have finished step (n — 1), after which return factors, which were taken out, to the
corresponding columns of determinant, and obtain

1 1 - 1 1
t T3 Ty
12 2 - 22 0
B,~2| . P 7 . . (A.25)
15"'_2 xg'_Q ' xz'_Q 0
tn—l xgz—l Z—l ( 1)n—22t0.n_2

After expansion of determinant (A.25) along the last column obtain
B, ~ 2((—1)““75363 coexy Vit xs, .. xn) + (=D (=) 2225 2, V (2, ,xn)>, (A.26)

where V(t,z3,...,x,) — Vandermonde determinant of variables t,zs, ..., x,.
Taking into account different parities of degrees of —1 in (A.26), obtain

B, ~2txg -z, V(t,x3,...,2p).
Proofs of Lemma 1 and Proposition 2 are finished.
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A.3. PROOF OF PROPOSITION 3
In [2] it is shown, that

1
log, V(D,,) = — (g + 1) logyn + O(n).
Hence,
1
InV(D,)=— (g + 1) Inn + O(n).

In [3] it is shown, that

V(Dy) 2
and
n n+1 n { — 1 '}2
1< <o <an<l \ISI<GSn k=1
Thus
In2 1
V(&) = —“7# - (g + §> Inn + O(n). (A.28)

On the basis of (A.5) from the proof of proposition 1 we have
S(PIY) = S(PITY) = V/nV(En).
On the basis of (7) in Proposition 2 and (A.27) one can see, that

S(Surf,) =2 / / \/1 + 22 + f(n_l) ( H |x; — xj|> doy...dz,_1

z1€[-1,1] 1<i<yj<n—1
—1<ze<.. Swn 1<1

<2/n / / i — 25| | dey ... dzoy = 2v/m(n — DV (Ensy).
1<z<]<n 1

r1€[—1,1]
—l<za<..<zp-1<1

Thus, on the basis of (8) one can obtain

S(0E,) < 2vnnV(E,_1). (A.29)
On the basis of (A.28) and (A.29) one can obtain

In S(9&,) < —1“72 2—glnn+0(n).

For large enough n the value of (— 22722 1nn) dominates over O(n), therefore nh_)nolo In S(0&,) =
—o00, and therefore Jim S(0&,) =

This finishes the proof of the first part of Proposition 3.
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Now we will prove the second part of Proposition 3, that maximum value of S(9&,,) is reached
for n = 3.

From (A.27) follows, that

V@0=V@%nw%%}%§, 0>,
V(E) =2

Then, taking into account (A.29), we obtain, that

S(0€) < F(n),  n>2, (A.30)
where
F(1) =2,
F(n)=F(n—1) x k(n), n =2,
_ —2)112
() (n—1)vn—1 (2n—3)
Now we will show, that k(n) < 1 for n > 4.
) = i1 W 12 (n—2)
(m—1vn—-1(Mn—-1)xn---(2n—3)
B 2y/n 2x1 2x2 2x3 2x(n-—-2)
T -O)vVn-1 n-1"n+l1 n+2 " 2m-3 (A.31)

In (A.31) there are (n — 1) multipliers, and all of them are less than 1 for n > ng = 4.

Z
It means, that k(n) < 1 and F(n) in (A.30) is a decreasing function for n > 4. Therefore, for
n >4

S(0E,) < F(n) < F(4) = 2V4 x 4 x V(&) ~ 5.689.

Taking into account (5), the proof of the second part of Proposition 3 is finished.
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